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Numerical Analysis of the Rectangular
Dielectric Waveguide and
Its Modifications

KAZUHIKO OGUSU, MEMBER, IEEE

Abstract—Dielectric waveguides suitable for millimeter and sub-
millimeter wave integrated circuits are analyzed by applying the
generalized telegraphist’s equations. The dielectric waveguides
treated in this paper are the rectangular dielectric image line, the
cladded rectangular dielectric image line, the insulated image guide,
and the strip dielectric guide. Numerical results of the propagation
constant, the power distribution, and the field configuration in these
dielectric waveguides are presented. Values for the propagation
constants obtained by our method are compared with other theoreti-
cal results. Although this work is based on a closed waveguide model,
it may be applicable to wide classes of dielectric waveguides with
arbitrary dielectric profiles and cross sections.

I. INTRODUCTION

N RECENT YEARS diclectric waveguides have been

used as transmission media at millimeter and submil-
limeter wave frequencies. The rectangular dielectric wave-
guide and its modifications have been extensively studied
because of their compatibility with integrated circuits. |

Fig. 1 shows the cross sections of several dielectric
waveguides with a conducting ground plane; these are
interesting for physical and theoretical reasons. If we con-
sider the image of the field reflected by the conducting
ground plane, the dielectric waveguides shown in Fig. 1(a),
(b), and (d) become the rectangular dielectric waveguide
[1][6], the cladded rectangular dielectric waveguide, and
the single material fiber [13], respectively. The cladded
rectangular dielectric waveguide has the advantage that the
power carried by the guide is protected from the influence of
the environment. The insulated image guide (¢, > ¢,) shown
in Fig. 1(c) has been proposed to reduce conductor losses of
the rectangular dielectric image line. By contraries, the
dielectric waveguide with ¢, > ¢,in Fig. 1(c)is called the strip
dielectric guide [14]. On the other hand, dielectric wave-
guides for optical integrated circuits, which have a dielectric
substrate instead of a conducting ground plane, have been
investigated by a number of authors [9]-[14].

Although the dispersion characteristics of these dielectric
waveguides may be determined relatively easily, detailed
information about the field distributions, especially within
the dielectric waveguides, is rarely reported. But, an exper-
imental technique, which is applicable to detect the' field
distributions within wide classes of diclectric waveguides,
- has recently been proposed by Itoh [15]. The author has
theoretically studied the transmission characteristics of the
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Fig. 1. Cross sections of dielectric waveguides with the, conducting
ground plane. (a) Rectangular dielectric image line. (b) Cladded rectan-
gular dielectric image line. (c) Insulated image guide (g, > ¢,). Strip
dielectric guide (¢, < ¢,). (d) Dielectric image line corresponding to the
single material fiber.

- rectangular dielectric waveguide by applying the general-

ized telegraphist’s equations [7] and has experimentally
shown that this analysis yields good results for open di-
electric waveguides even though it has been based on a
closed waveguide model [8]. The method has the advantage
that it may be applicable to wide classes of dielectric wave-
guides with-arbitrary dielectric profiles and cross sections.
- The purpose of this paper is to determine the field
distribution for various kinds of dielectric waveguides to
provide the basic knowledge of their physical properties
using the generalized telegraphist’s equations. Numerical
results presented in this paper include dispersion character-
istics, lines of force, and equicontours of the electromagnetic
power density. These data will be useful in developing new
waveguide systems and in checking new analytical
techniques for solving similar problems. For the justification
of the present analysis, the author is going to report more
detailed experimental results including the ficld distribu-
tions within these dielectric waveguides.

II. METHOD OF ANALYSIS

Since the details of the method of analysis based on the
generalized telegraphist’s equations may be found in[7]and
[16], we shall here describe the method only briefly. For the
sake of analysis, we enclose the open dielectric waveguide
with a metallic wall as shown in Fig. 2. The dielectric
waveguides shown in Fig. 1 are obtained from the somewhat
generalized waveguide structure in Fig. 2, when the wall is
removed. This treatment is valid for surface waves, of which
most of the power carried is concentrated in the dielectric
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Fig. 2. Cross section of the generalized diclectric waveguide for the
analysis.

medium. This shielded dielectric waveguide may also be
regarded as the metallic waveguide containing an inho-
mogeneous dielectric medium. We assume that the permit-
tivity ¢ of the medium is a function of the transverse
coordinates x and y, and that the permeability uis that of the
free space.

First, in order to apply the generalized telegraphist’s
equations to this problem, we eliminate the longitudinal
field component from Maxwell’s equations and obtain

JE, 1 1 .

R (; v, (H, x a,)) —jou(H, x @) (1)
OH, 1 .

Aa—zt = ;a?uvtvt : (az X Et) —'Jwg(az X Et) (2)

where o is the angular frequency, 4, is the unit vector in the z
direction, V, =V — a,(d/0z) is the two-dimensional del
operator, and the subscript t denotes the transverse
components.

In general, unknown transverse electromagnetic fields E,
and H, may be expanded in terms of orthogonal mode
functions e(x,y) and (x,y) of the empty metallic waveguide
as

E = Z Vio(z)ew(x.y) + Z Vil@)ey(x.) 3)
j

H, = Zl Lp(2)he(x.y) + ; Ijz)h(x.y) (4)

where V(z) and I(z) are mode voltages and mode currents to
be determined, respectively, the subscript in parentheses
denotes the TM mode, the subscript in brackets denotes the
TE mode, and i and j denote double index such as mn. The
mode functions are defined by the following scalar functions

d(x.y) and ¥ ;(x.y):
e(i)(an) = -V, d’(i)(an)
hoy(xy) = —a, x Vipy(x.y)
e[i](x7y) = a; X thﬂm(X,y) (6)
h(x,y) = —Voh(x.y)

where ¢,(x.y) and y;(x,y) are solutions of the following
two-dimensional Helmholtz equation

d(x.y)
Y(x.y)

and individually satisfy the boundary conditions on the

} for TM modes  (5)

for TE modes

(V2 + kf){ ~0 )
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waveguide wall, and where k_ is the cutoff wavenumber of
the mn mode and is given by

These scalar functions may be founded in [17].

Next, we will derive the generalized telegraphist’s equa-
tions for the mode voltages and mode currents. After
substituting (3) and (4) into (1) and (2), we take the inner
products with the known mode functions eg(x,y), hp(x,y),
e;i(x.y), and hjx,y) for different values of  and j. Using the
orthogonality property of the mode functions and the
two-dimensional Green’s theorem, we obtain the following
generalized telegraphist’s equations

dVwlz) _ 1 ZZ (mi)w(z) —

dz ]wao ;

dVim)(2) .
dZ] = _]w/"IIMJ(Z)

dl (n)(Z ) .
dz n.j) VU](Z

)+ W
‘U%(Z) = — jweg (i Yy (m,i)V(z) + i Ya(

ki
] V[m](Z)
jeop

where, the coefficients are given as

1
Zl(n’i) - c(z)kc(n) JT - (x’)_}j ¢(i)(x7y)¢(n)(x’y) ds

(8)

ja)ul(,,)(z) (9)
(10
= oo S 1inbt J

)
m,j)Vlz )) .

(12)

Y (n,i) = ” &, (. g (X.y) - hey(x.y) dS
Y (n.j) = U &, (.9 (%) - hy(x.y) dS
Y3(m,i) = ” &6,y ) (x.y) - hy(x.y) dS

Ya(moj) = [[ ex)hislxy) - ) dS (13)

and where ¢,(x,y) = &(x,y)/e, is the relative permittivity, and
the integration is over the metallic waveguide cross section.
The above derivation process is generally known as Galer-
kin’s procedure.

Now we consider the sinusoidal propagation expressed as
Vi(z) = Viye =, Vilz) = Ve ™, where k, is the un-
known propagation constant. Approximating (3) and (4) by
N terms for the TM mode and M terms for the TE mode, and
eliminating the mode currents from the generalized teleg-
raphist’s equations, we have the following characteristic
eigenvalue equation:

o] [%
ay1 412 Ainem || - :
421 az2 . [ Yim = k2 Viw (14)
: : | Vi ) Vp]
an+ M1 AN+ MN+M :
V[M] V[M]
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where the elements a,; (i,j = 1,2, -+, N + M) of the matrix
are functions of the dielectric profile and the cross section of
the dielectric waveguide. Once a;;’s are obtained, we can
solve (14) for the eigenvalue k? and eigenvectors V), -,
Vo Vitp = *» Viary If the metallic wall is large enough, the
range of the normalized propagation constant k, /k for the
surface waves is between 1 and ./¢max, where ¢,max is
the maximum relative permittivity of the dielectric medium.
On the other hand, mode voltage and mode current are
related as

kg — k2,
Vo = 20w Zn = 4(080 (15)
wp
Vin=ziln (16)

T = — e
(81} /1,2 2
kO—kCLi]

where ko, = w. /¢ pt 1s the free-space wavenumber. Once the
eigenvalues and their eigenvectors are obtained, we can
calculate the field components E,, E,, H,, and H, of the
corresponding normal modes of the shielded dielectric
waveguide and obtain the power flow from

P =1 Re (E, x H¥). (17)

Finally, since the generalized telegraphist’s equations are
derived through Galerkin’s procedure, the resulting expres-
sion for the propagation constant becomes stationary. This
is one of the advantages of the present method. Another
advantage of the method is that it is applicable to dielectric
waveguides with arbitrary cross sections and profiles.

III. NUMERICAL RESULTS AND DISCUSSION

The normal modes of the dielectric waveguides shown in
Fig. 1 are grouped in two families, E}, and E}, [2]. The main
field components of the first family are E, and H,, while
those of the second family are E, and H,. The subscripts p
and g denote the number of extrema of the electric or
magnetic field in the x and y directions, respectively. The
lowest order E¥ mode of the dielectric waveguides is the EY
mode in which E, is symmetric about x = a/2. We must
expand (3) and (4) by taking into account such symmetry of
the field.

In this section we present numerical results for the
dielectric waveguides shown in Fig. 1. For all results of the
power distribution, the power is normalized so that the total
transmission power is unity when the half width ¢ of
the dielectric strip is chosen the unit length. These results are
valid for the rectangular dielectric waveguide, the cladded
rectangular dielectric waveguide, and the single material
fiber, which are electrically equivalent to those shown in Fig.
1.

Rectangular Dielectric Image Line

The rectangular dielectric image line shown in Fig. 1{a) is
a special case with by = 0, ¢ = ¢, and d, = d in Fig. 2. If we
take into account the image of the field reflected by the
conducting ground plane, it becomes the rectangular dielec-
tric waveguide. But, the E}, (where ¢ is an even number)
modes of the rectangular dielectric waveguide can not be
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Fig. 3. Dispersion characteristics for the E%, and E%, modes in the
rectangular dielectric image line with d/c = 1.0 and ¢, = 2.5 (N, = 5).

TABLE 1
COMPARISON OF THE PROPAGATION CONSTANT IN THE
RECTANGULAR DIELECTRIC IMAGE LINE WITH
DIFFERENT MATRIX SIZES: ¢, = 2.5, k¢ = 5.0,
afc =50, d/c =10, b/d =25

PROPAGATION CONSTANT KZ/KO
MaTRIX S1ZE
E"y Mope EY,y vope
2 x42 1.527 1,452
2x52 1.529 1.456
2 %62 1.520 1,458
2x72 1.529 1,459

obtained. If necessary, they can be obtained by setting the
dielectric core at the center of the metallic waveguide. The
dispersion characteristics of this dielectric waveguide have
previously been evaluated by many authors [1]-[7].
The propagation constants obtained by our method are
stationary. Table I shows the comparison of the propagation
constant computed with different matrix sizes to estimate
the accuracy of our method for computing the propagation
constants. In this approximation, (3) and (4) are truncated
with N, terms in the x and y directions for both the TE and
TM modes, and the resulting matrix size of (14) is
2NZ x 2N2%. Even N, = 5 is sufficient to give good results.
On the other hand, it is difficult to estimate the influence of
the metallic wall on the propagation constant. But, since
normal modes are surface waves, only a small amount of the
total power flows outside the dielectric waveguide. By
increasing the distance between the interface of the dielectric
waveguide and the metallic wall, and correspondingly in-
creasing the matrix size, good results can be obtained.
Fig. 3 shows the dispersion characteristics for the E* ; and
E3%, modes in the rectangular dielectric image line with the
aspect ratio d/c = 1.0 and the relative permittivity ¢, = 2.5.
In this calculation N, = 5 was used. For the waveguide with
parameters close to the transition region, that is near
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Fig. 4. Frequency dependence of the power distribution for the E%; mode in the rectangular dielectric image line with
djc =10 and ¢, = 2.5 (N = 7). (a) koc = L5. (b) koc = 2.5. (c) koc = 5.0. (d) koc = 20.0.



878 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-25, NO. 11, NOVEMBER 1977

0.0%

TS SSSSSSSSSSSSSSSSSSSSSSSSS S s
(@)

0.08

£
S S SS S S S SSSSSSSSSSSSSSSS s
(b)

Fig. 5. Frequency dependence of the power distribution for the E3; mode in the rectangular dielectric image line with
dfc = 1.0 and &, = 2.5 (N, = 7). (a) koc = 2.0. (b) koc = 5.0.

k, /ko = 1.0, an increasingly large metallic wall is needed to

maintain accuracy. In Fig. 3 results derived by other \ \ \ [ / /
methods for the open image line are also presented. Since
Marecatili’s analysis [2] is based on an approximate mode
matching method, the accuracy of his results for low
frequencies near the transition region is questionable. On
the other hand Pregla’s analysis [4], which applies the
variational method, is expected to give more accurate results
than Marcatili’s analysis. Agreement between our results
and Pregla’s are fairly good over a wide range of frequencies
including the transition region. Fig. 4 shows the frequency (@)
dependence of the power distribution for the E , mode. In

this calculation N, = 7 was used. More terms are needed to ——
compute field distributions than dispersion relations, be-
cause the latter is variational whereas the former is not. It is

evident that the higher the frequency, the more the power is

concentrated in the dielectric medium. Fig. 5 shows the

frequency dependence of the power distribution for the E%;
mode. The normalized frequency ko ¢ = 2.0 in Fig. 5(a)isa
little higher than the cutoff frequency kg ¢ = 1.83. Itis found m

that when the maximum of the power is located on the ~
dielectric interface, the leakage of the power for the E%, (b)

mode occurs. On the ome%' hand, t.he E)il mode seems to Fig. 6. Electric lines of force for the E’; and E%; modes correspondiﬁg to
have no cutoff, because this mode is similar to the HE;;  Fig 4(c) and Fig. 5(b), respectively. (a) E%, mode. (b} E}, mode.
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Fig. 7. Dispersion characteristics for the Ef; mode in the cladded rectangular dielectric image line with d/c = 1.0, ¢, = 3.0,
and ¢ = 2.0 (N, = 5).

mode in the circular dielectric waveguide. But, it is impos-
sible to confirm this using our method because it is not an
analytical exact solution. Fig. 6 shows electric lines of force
for the E¥; and E¥; modes corresponding to Fig. 4(c) and
Fig. 5(b). Although electric lines of force should refract at the
dielectric—air interface, such phenomena do not appear in
the computed results. This comes from expanding the field in
the dielectric waveguides by continuous mode functions of
the empty metallic waveguide. As pointed out by Goell [3],
coupling between the E3; and EY, modes takes place in Fig.
5 with unit aspect ratio. It seems impossible to resolve this
degeneracy using the present method.

Cladded Rectangular Dielectric Image Line

The cladded rectangular dielectric image line shown in
Fig. 1(b)is a special case with b, = 0in Fig. 2,and has a core
of higher permittivity than the surrounding cladding. The
transmission characteristics of this dielectric waveguide
have not been studied extensively.

Fig. 7 shows the dispersion characteristics for the E’;
mode in the cladded rectangular dielectric image line with
d/c = 1.0,¢, = 3.0,and g, = 2.0. Asshown in Fig. 7, two cases
of the structure are treated. The parameter S in Fig. 7
denotes the cross-sectional ratio of the core to the wave-
guide. When the normalized frequency is low, results for
these two structures agree well. Fig. 8 shows the power
distribution for the E¥, mode at ko, ¢ = 5.0. In Fig. 8(a) and
(c), the average relative permittivity in the cross section is
2.5, and the power is more concentrated in the core than Fig.
4(c). Since the field penetration in the air is less than the
rectangular dielectric image line, this dielectric waveguide
has the following advantages: a) the power carried may be
isolated from the environment to some degree, b) bending
losses may be more reduced than the rectangular dielectric
image line.

Insulated Image Guide and Strip Dielectric Guide

The insulated image guide and the strip dielectric guide
shown in Fig. 1(c) are special cases with ¢, = 0and d, = Oin
Fig. 2, and the image line shown in Fig. 1(d) is a special case
with &, = ¢, in Fig. 1(c). The insulated image guide has a
dielectric strip of higher permittivity than the substrate,
while the strip dielectric guide has a dielectric strip of lower
permittivity. Since most of the power is concentrated in the
region of highest permittivity, these guides differ in the
mechanism of propagation.

Fig. 9 shows dispersion characteristics for the E% ; mode in
these dielectric waveguides with b, /c = 1.0and d/c = 1.0.1n
Fig. 9 the results derived by McLevige et al. [14] for the
insulated image guide are also presented. Their analysis is
based on the method of an effective dielectric constant.
Agreement between our results and theirs is good at high
frequencies. Fig. 10 shows the frequency dependence of the
power distribution for the E%; mode in the insulated image
guide with g, = 3.0 and ¢, = 2.0. When the frequency is very
high, the maximum power is located at the center of the
dielectric strip and its field distribution is similar to that of
the rectangular dielectric waveguide. The lower the fre-
quency, the more the position of the maximum nears the
ground plane. When the frequency is very low, its field
distribution is quite different from the rectangular dielectric
waveguide. Fig. 11 shows the frequency dependence of the
power distribution for the E%; mode in the image line shown
in Fig. 1(d). It is found that the field penetration in the air is
very small, and the lower the frequency, the more the field
penetrates into the substrate. Therefore, this dielectric
waveguide has the advantage that the stringent require-
ments of size and edge smoothness of the dielectric strip are
considerably relaxed. Fig. 12 shows the variation of the
power distribution in these dielectric waveguides at
ko ¢ = 5.0 when the permitivities of the dielectric strip and
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Fig. 8. Power distribution for the EY, mode in the cladded rectangular dielectric image lines with d/c = 1.0, ¢, = 3.0, and
& =20 at koc = 5.0 (Ny = 7). (a) cofc =dy/d = l/ﬁ. (b) co/c = do/d = 1/2. (c) cofc = 1/2, do/d = 1.
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Fig. 9. Dispersion characteristics for the E%; mode in the insulated
image guide and the strip dielectric guide with b, /c = 1.0 and d/c = 1.0
(Ng = 6).

the substrate are changed. We can well understand how the
field penetrates into the substrate. It is found that the field
distribution of the strip dielectric guide is similar to that of
the image line shown in Fig. 1(d), and its field penetrates
deeper into the substrate with increasing differences between
the permitivities. From this fact, it is obvious that the
dispersion characteristics of these two guides are quite
similar as shown in Fig. 9. Results of these dielectric
waveguides are useful in discussing the propagation charac-
teristics in the slab coupled waveguide [11], including such
special cases as the rib waveguide [9] and the strip loaded
film waveguide [10], [12].

I1V. CoNcLUSION

Dielectric waveguides suitable for millimeter and submil-
limeter wave integrated circuits are analyzed by applying
generalized telegraphist’s equations. In this paper we treated
the rectangular dielectric image line, the cladded rectangular
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Fig. 10. Frequency dependence of the power distribution for the EY; mode in the insulated image guide with b,/c = 1.0,
d/c=10,¢ =30, and & = 2.0 (Ny = 7). (a) koc = 1.0. (b) koc = 5.0. (c) koc = 20.0
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‘Fig. 11. Frequency dependence of the power distribution for the EY; mode in the image line shown in Fig. 1(d) with b, Je= 10,
dfc = 1.0, and &, = 3.0 (N, = 7). (a) koc = 1.0. (b) koc = 5.0. (c) koc = 20.0.
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Fig. 12. Variation of the power distribution at koc = 5.0 when permittivities of the dielectric strip and the substrate are
changed. The cross section is selected as bo/c = 1.0 and d/c = 1.0 (No=7). (a) ¢, = 3.0, & = 20. (b) & =30, ¢ =25
(c) & =3.0,¢ =275
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dielectric image line, the insulated image guide, and the strip
dielectric guide shown in Fig. 1. The numerical results
presented here include the dispersion characteristics, the
lines of force, and the power distribution. Our dispersion
characteristics are in good agreement with other theoretical
results. It is shown that this analysis can give good results
even for open dielectric waveguides with arbitrary dielectric
profiles and cross sections even though the analysis is based
on a closed waveguide model. Our results can be useful to
understand the wave propagation in these dielectric wave-
guides, and may be applied to develop new waveguide
systems.

(d) e, =¢=30.(e) & =275, ¢ =3.0. (f) &, = 2.5, ¢, = 3.0.
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Solutions of the Vector Wave Equation
for Inhomogeneous Dielectric
Cylinders—Scattering
in Waveguide

GABRIELE CICCONI anp CARLO ROSATELLI

Abstract—Some solutions of the vector wave equation for an
inhomogeneous dielectric cylinder, suitable for numerical calcula-
tions of the scattered electromagnetic (EM) field in waveguide, are
presented in cases where the cylinder axis is parallel, or perpendicu-
lar, to the incident electric field vector. The scattered field, given in
terms of normal modes of the rectangular waveguide, permits easy
determination of the transmission and reflection coefficients for the
structure. The dielectric susceptibility may be considered as variable
along the cylinder radius according to a parabolic function
(Luneberg-type profile). Finally, numerical results of the scattered
near field are presented for Teflon cylinders of different diameters, in
the case of parallel polarization. They are compared with laboratory
measurements in the microwave X band made as a reliability test of
the computational program. The agreement between measured and
computed values is satisfactory within a deviation of 10 percent in the
whole frequency band.

1. INTRODUCTION

CATTERING and diffraction in free space by cylindri-
cal objects of homogeneous and stratified dielectric,
when the incident electromagnetic (EM) field is parallel or
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perpendicularly polarized, have been investigated by var-
ious authors [1]. The inhomogeneous case has also been
treated for scattering by plasma columns [2].

The same problem in waveguide has been developed both
for parallel incidence, by solving the wave vector equation
in the case of inhomogeneous dielectric or plasma columns
[3]-[5], and for perpendicular incidence, by using varia-
tional and Green’s function techniques [6], [7].

In this paper, some exact solutions of the vector wave
equation, in circular cylindrical coordinates and for hom-
ogeneous and radially inhomogeneous (Luneberg-type par-
abolic variable profile) complex permittivities, are presented
in cases of parallel and perpendicular incidences of the EM
field. These solutions have been expressed in a series of
tabulated Bessel functions (homogeneous dielectric case) or
in a series of confluent hypergeometric or Kummer’s func-
tions (inhomogeneous parabolic case). They have been
found as suitable for developing numerical calculations of
microwave scattering in waveguide.

Approximate values dependent on the truncation of the
field series expansion may be estimated by the unitary
condition of the scattering matrix.

The numerical results concerning the scattered near field



